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Abstract: Binary soft set theory, first introduced by A¢ikgdz and Tas in 2016, has become widely accepted as a
technique for addressing and modeling uncertainty. Numerous theoretical and practical problems have been solved
using this approach. Scholars have shown sustained interest in the theory's core concepts and operations since its
inception. In this study, we propose the binary extended theta operation, a special binary soft set operation, and
provide a thorough analysis of its basic algebraic features. We also study the distribution of this operation over
certain types of binary soft set operations. By considering its algebraic properties and distribution rules, we show
that, when combined with specific binary soft set operations, the binary extended theta operation forms many
important algebraic structures within the collection of binary soft sets over the universe under certain conditions.
The fundamental conceptual difference between the proposed binary extended theta operation and existing binary
extended operations in the literature is that unlike approaches based on positive information aggregation, the
theta operation systematically extracts negative information through common parameters and offers a unique and
complementary tool, particularly for decision problems requiring reliable elimination, risk exclusion, and error
detection. Further applications, including cryptology and decision-making, rely on operations of binary soft sets,
making this theoretical subject essential from both theoretical and practical perspectives.
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1. Introduction

Soft set theory has become a powerful mathematical
tool for handling uncertainty since its introduction by
Molodtsov [1] in 1999. Maji et al. [2], Pei and Miao [3],
and Ali et al. [4,5] are the pioneers in soft set operations
and developed the algebraic basis of soft set theory. The
uni-int decision-making method for soft sets was proposed
by Cagman and Enginoglu [6].

Soft int-groups were introduced by Cagman et al. [7],
while Sezer et al. [8] introduced soft N-groups to further

generalize group theory within the framework of soft sets.
Later, Sezer et al. [9] expanded on this by introducing
the notion of N-group Sl-actions. Atagiin and Sezer [10]
explored soft semimodules, establishing connections
between module theory and soft sets. A notable shift towards
applications began with Khan et al. [11], who characterized
Abel Grassmann's groupoids via soft ideals. Atagiin and
Sezgin [12] analyzed soft substructures of groups and
semirings. Around the same time, soft sets were applied
to near-ring theory [13] and ideal theory [14], further
expanding the theory's domain. Atagiin et al. [15] explored
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P-properties in near-rings, while additional work on prime,
maximal, and principal soft ideals of rings and soft covered
ideals of semigroups were discussed in [16,17]. In addition,
the social relevance of soft set theory has been highlighted
in emerging fields such as social networks, as explored by
Riaz et al. [18]. Soft intersection almost subsemigroups and
ideals of semigroups were addressed in [19,20]. Finally, the
most recent contribution presents a complete study of the
star-product and-product of soft sets [21,22].

Since its introduction by Agikgdéz and Tas [23],
the concept of the binary soft set (BSS) has attracted
considerable interest among decision scientists and
mathematicians. By linking binary relations to components
of the parameter set, this novel theory extends Molodtsov's
soft set theory and offers a more adaptable framework for
handling uncertainty in complicated settings.

Binary soft topological spaces [24-27], soft subspaces
[28], vague BSSs [29], separation axioms, [30-32], weak
binary soft structures [33], bipolar and fuzzy binary
soft models [34-36], and binary soft functions [37] are
foundational studies.

The model's potential in expert systems, artificial
intelligence, and advanced decision theory has been
demonstrated by various recent contributions [38-40]. In
fields like healthcare [38] and multi-agent systems [41],
soft mappings and BSS-based decision processes have
shown promise. Besides, extensions into neutrosophic
structures and hypersoft sets showed how the theory can
be used to complex logical systems [39,42-44]. Integration
of BSSs with fuzzy and intuitionistic fuzzy frameworks
[45], neutrosophic systems [42,46], and plithogenic models
[41] have become a significant trend. Additionally, several
studies explore binary soft a-open sets [47], soft 6-open
and w-open sets [48], soft wP-open sets [49], and soft
homogeneous components [50], enhancing the structural
analysis of binary soft topologies.

Contributions have also focused on extending classical
mathematical results to BSSs, such as selection principles
[51], object interaction sets [52], and applications in game
theory [53]. Meanwhile, binary soft closure spaces and
limit points have been reconsidered in recent studies to
refine the notions of continuity and compactness [31,54].
The ongoing development of BSS theory is further
evidenced by continued work on structural properties,
mappings [30,32], topological functions, fuzzy BSSs and
their applications, fuzzy parameterized fuzzy BSSs and
their operations, binary hypersoft sets, and fuzzy binary
soft topological spaces [55-59]. Dalkilig [60] contributed
by introducing and thoroughly developing the concepts of
relations on BSSs, blocks, partitions, compositions, and
binary soft functions.

The concept of BSSs was first introduced by A¢ikgoz
and Tas [23]. Soylu [61] revisited the foundational
concepts of BSS theory, and updated existing definitions
as necessary. Additionally, many new concepts regarding
the BSS such as empty BSS, absolute BSS, and relative
null/whole BSS with respect to a fixed parameter set, were
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introduced. Subsequently, different types of operations
on BSSs, such as binary restricted operations and binary
extended operations were presented.

The wvital role that BSSs plays in contemporary
mathematics and decision analysis is confirmed by this
extensive body of literature. By investigating the binary
extended theta operation of BSSs, the current study builds
on this foundation and attempts to advance the theory of
BSSs by offering both theoretical insights and practical
applications aligned with current research. The primary
motivation for this study is that existing binary extended
operations defined in the binary soft set literature are largely
focused on positive information integration. In particular,
operations such as extended union and extended intersection
aim to combine acceptable or positive information from
different sources. In contrast, a critical element in many
real-world applications is determining which elements are
universally rejected by all sources, i.e., identifying elements
that must be definitively eliminated. In this context, the
binary extended theta operation proposed in this study,
rather than producing positive consensus, reveals common
negative information by taking the intersection of the
complements of binary soft sets on common parameters.
Thus, the theta operation conceptually differs from existing
binary extended operations in the literature and provides a
new algebraic perspective based on negative information
for binary soft set theory. By incorporating a real-life micro-
example into the study, it has been clearly demonstrated
that the theta process plays a practical and meaningful role,
particularly in scenarios involving quality control, risk
analysis, and reliable elimination, in contrast to classical
binary extended processes. We demonstrate that the binary
extended theta operation produces numerous significant
algebraic structures within the collection of soft sets over
the universe under certain conditions, by considering
its algebraic properties and distribution principles. The
structure of this study is as follows: The fundamental
concepts of BSSs are reviewed in Section 2. In section
3, the binary extended theta operation, is defined and its
algebraic properties are thoroughly examined together with
its distributions over other BSS operations. A thorough
examination of the algebraic structures produced in the set
of BSSs over the universe by these operations is provided.
In the conclusion section, we discuss the significance of the
study's findings and their potential applications.

2. Preliminaries

The basic concepts of the BSSs are provided in this
section.

Definition 2.1 [23] Let U, and U, be initial universe sets,
E be the set of all parameters characterizing the elements
of the initial universal sets, P(U,) and P(U,) be the power
sets of U, and U, , respectively and ACE. A binary soft set
(BSS) (F*, A) over U, , U, is defined by the set of ordered
pairs
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(F% A)={(e,(X,Y)):e€AF* (e) = (X)Y) ,XE€U, ,YCEU }
where
F*A— P(U)) x P(U,)
is a function such that F*(e)=(X,Y), for each e€A, XSU,
and YEU, .

For the sake brevity, throughout this study, the BSS (F*,
A) will be denoted as F*. The set of all BSSs over U, , U,
will be denoted by S*(U ,U,). Additionally, the set of all
BSSs over U, , U, with the fixed parameter subset A of
subset E will be denoted by SA(U,,U.).

Definition 2.2 [23,61] Let F* be a BSS over U, ,U,.
If F*(a)=(®,0) for each a€A, then F* is called a relative
null BSS with respect to A, and it is denoted by @*. If
F&(a)=(0,0) for each a€E, then FF is called relative null
BSS with respect to E, and it is denoted by @F.

A BSS with an empty parameter set, that is, F:0—P(U,
) P(U,) is called an empty BSS and is denoted by @ © .

Definition 2.3 [23,61] Let F* be a BSS over U, ,U,. If
FAMa)=(U, ,U,) for each a€A, then F* is called a relative
whole BSS with respect to A, and it is denoted by U/*.
The relative whole BSS U* with respect to E is called the
absolute BSS over U, .U,

Definition 2.4 [23] Let F* and G® be BSSs over U, U,.
F* is called a binary soft subset of G® if

i)ACB

i) X,€X, and Y EY, where F)=(X,Y,) and
G®(e)=(X,,Y,), for each «€EA. It is denoted by FA c GB.

F*is called a binary soft super set of G&, if G® is a binary
soft subset of FA, and it is denoted by FAS GE. F* is called
binary soft equal to G®, if A E GBand B & FA.

Throughout this study, for each e€A, where F*(e)=(X,,Y )
and G*(e) = (X,,Y,) ,itis meant by F* (¢) SG* (e) ,
namely (X.Y,) € (X,Y,) thatX X andY CY,.

Definition 2.5 [61] Let F* be a BSS over U, , U,. The
relative complement of F*, denoted by (F), is a function

(FY:A—P (U) xP(U,)
given by (F*) (¢) = (U-X,U-Y) =(X', Y') for each
e€EA such that F* (o) = (X)Y) .

Definition 2.6 [23,61] Let F* and G® be BSSs over U,
U, . The binary restricted intersection (union) of F* and G”
is the BSS HC, denoted by FATNRGE = H® (FAURGE = H®)
., where C=ANB, and H¢c)=((F(c)),N(G*¢)),
L FPELNGE), HEO(FPO)UGE), .
(FA(c)),U(G"(c)),)), for each c€C. Here, if C=ANB=0, then

FANRGE = HC = 9 (FAURGE = H® = ¢7).

Definition 2.7 [61] Let F* and G® be BSSs over U,
U, . The binary extended intersection of F* and G® is the
BSS HC, denoted by FAN,.GE® = H®, where C=AUB, and
for each c€eC,
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((FA())1, (FA(0)2) cEA-B
H(c) = ((GP())1, (GB())2) cEB-A
((FA(e)); N (GB(O)), , (FA()), N (GB()),) ceANB

Definition 2.8 [23] Let F* and G® be BSSs over U, , U,
. The binary extended union of F* and G® is the BSS HE,
denoted by FAJ.GP = H®, where C=AUB, and for each
ceC,

((FA(C))1, (FA(0))2) cEA-B
HE(c) = ((GB())1. (GB(D))2) cEB-A
(FA(e)); N (GB(©);, FA())2 N (GB(0)),) ce€ANB

Definition 2.9 [61] Let F* and G® be BSSs over U, U, .
The binary intersection of F* and G® is the BSS H#, denoted
by FANGE = H”, and for each a€A,

((F4()),, (FA(a)),) ac€A—B
((FA@), N (GP(@)), (FA(@)); N (G*(@));) a€EANB

HA(a) = {

Definition 2.10 [61] Let F* and G® be BSSs over U, U,
. The binary union of F* and G® is the BSS H*, denoted by
FAUGB = H4, and for each a€A,

aeA—-B
a€EANB

((FA(2)),, (FA(@))2)

A —
H() {«F“(a))l U (GR(a)), , (FA@)); U (GB(a)),)

3. Binary extended theta operation of
binary soft sets

3.1 Binary extended theta operation with its
fundamental properties

In this subsection, the definition of the binary extended
theta operation together with its properties are provided
with detailed proofs.

Definition 3.1.1 Let F¥ and GY be BSSs over U, , U,
such that F¥=(3, , J,) for each ¥€¥ and G¥(w)=(£, , L))
for each weW. The binary extended theta of F¥ and GY is
the BSS HE, denoted by F¥ §,GW = HC , where C=VUW
and for each ceC.

(51 ’ 52) ce¥ — Vy
HE(0) = (£1,£;) ceW-Y
(310 £1,3,0L,) ceWnY

Here, (3,6£,3,0L)=(3,'n L', T3,'NL,".

For more on theta () operation of sets, we refer to
[62]. By Definition 3.1.1, if ¥=@, then F¥ @E(;W =Ggv
, if W=@, then FV @SGW =GY, and if V=W=0 , then
F¥ 8,GY = ¢?.
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Example 3.1.2 Let U, :{ty tytyt, ts} ,U,=h,hh h,
E={y v,y v, v}, Y={¥y v, v v}, W={¥v v, v,¥.} and
the BSSs F¥ and GY over U, , U, be defined as follows:

FW:{(WI, ({tl'tz't3}'{h1'h2})' (Vzi ({t1't4't5}'{h2'h3}))'
O ({tyththy,hyh 1)), (¥, ({t,t53(h,,h, D)3

G¥={(v,,({t,t,t bt by b D)), (7, ({E, t L {h, b)), (v, (U,
{hyhuh 1), (v, ({t,t,1th, by b, 1))}

Let F¥8.GY = HYY, where WUV={¥, ¥, ¥, ¥, ¥}
Since ¥-W={¥,}, W-V={¥,},and WNV={¥ v ¥},

FY 0.GY={(v,,({t.},{h,})), (V,, ({t,t,t.}, {hho 1),
(3 {(tt 0 Db (0, (B,0),(F, ((84.),0)))

In this example, the fact that some components become
empty sets is related to parameter differences and the
combinatorial structure of the theta operation. For example,
in the operation F¥ 8,.GY, since the union of F¥(y,) and
GY(v,) is the universal set, the result of the operation is
the empty set (@) for ¥,. This behavior reflects the self-
negation and parameter-based union properties of the theta
operation and is not observed in classical union/intersection
operations. Therefore, the example clearly demonstrates
the algebraic logic of the theta operation and the effect of
parameter differences on the result.

Example 3.1.3 (A Real-Life Quality Control Problem)
Quality control of products manufactured in a factory is
performed by two different inspectors. There are two
separate product groups in the factory, each from a different
production lines and tested independently. Products from
the first production line form the first product group, while
products from the second production line form the second
product group. These two product groups undergo various
quality tests using different testing equipment.

Inspector A is responsible for mechanical and electrical
tests, while Inspector B is responsible for electrical and
safety tests. Therefore, some tests are evaluated by only one
inspector, while others are evaluated by both inspectors.
The goal is to evaluate the reports of these two inspectors
together to reliably identify both successful products for the
two production lines and, in particular, defective products
that must be eliminated.

Products on the first production line:

U ={t .ttt}
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Products on the second production line:
U,={hh,h,h,}
Test types (set of parameters):
E= {VI,VZ,V3}
Here v,: Mechanical test, ¥,: Electrical test, ¥,: Safety
test.
Tests evaluated by Inspector A:
V={¥¥,},
Tests evaluated by Inspector B:
W={¥,.¥,}
and the BSSs F¥ and GY over U, , U, be defined as follows:

FY={(v ,({t,,t, {hy ), (0, ({88}, {h2}))}

According to Inspector A, during the mechanical test,
products numbered t, and t, from the first production line
and product numbered h, from the second production line
were found to be successful. In the safety test, products
numbered t, and t, from the first production line and product
numbered h, from the second production line were found to

be successful.

GY={(v,, ({t, .t} thy,b ) (v ({t 3. {th 1))

According to Inspector B, during the electrical test,
products numbered t, and t, from the first production
line and products numbered h, and h, from the second
production line were found to be successful. In the safety
test, product numbered t, from the first production line and
product numbered h, from the second production line were
found to be successful.

Let FY 8,GY=HYY, where WUV={y ¥, ¥, ¥,¥}.
Since ¥=W={y,} , W=¥={r.}, and WN¥={y,}, this
means that the mechanical test is evaluated only by
Inspector A, the safety test is evaluated only by Inspector

B, and the electrical test is evaluated by both inspectors.

FY 8,GY={(r,,({t,,t,}, th, 1), (0, ({3, th, b)),
(£t {h 1))}

This result indicates that, according to both inspectors
in the electrical test, product numbered t, from the first
production line; products numbered h, and h, from the
second production line has definitely failed and should be
safely discarded.

Additionally, since the mechanical test ¥, € ¥—W is
evaluated only by Inspector A,

(FY 0.GY)(v =({t,.4,},¢h 1),
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and since security test ¥,EW—V¥ is evaluated only by
Inspector B,

(F¥ 0,.GY)(v)=({t,},{h}),

is obtained. Interpretation: The binary extended theta

operation preserves existing information in tests reviewed

by a single expert, but in tests reviewed jointly by two
experts, it produces a common negative agreement rather
than a positive agreement, thereby reliably identifying
products that will definitely be rejected in multi-criteria

quality control systems as it is presented in Table 1.

Table 1. Binary soft set operations: Focus and interpretation

Operation

Focus

Interpretation

Binary Extended Union
Binary Extended Intersection

Binary Extended Theta (proposed)

Positive acceptance
Common acceptance

Common rejection

Any accepted by either source
Accepted by both sources
Rejected by both sources

Note 3.1.4 Binary restricted and binary extended
intersection operations coincide in S* (U,U,) . That is,
FADRGA = FAD, GA.

Proposition 3.1.5 §, is closed in S* (U,,U,) .

Proof: It is evident that §,_ is a binary operation in
St (U,U,) . Thatis,

0.:SF (U,U,) xSE (U,U,-SF (U,U,)
(F,G¥)>F" §,Gv=H"Y

Namely, if F* and G¥ are BSSs over U ,U, then so is F*
6. Gv. Similarly, let ¥ be a fixed subset of E, then

6,:8¥(U,U,)x S'(U,U,) »S¥(U,U,)

(FV’GV)_)FW 0, GY= HYYW= HY

Namely, if F¥ and G¥ are BSSs over U ,U, then so is F*

3G,

Proposition 3.1.6 Let F¥,GY and H? be BSSs over
U,U, Then, (F* 8,GY) 0. HO=F" 0,(GY §,H?), where
¥YNWNQ=0.

Proof: Let F¥(v)=(S, , J,) for each y€V, GY(w)=(£, ,
L,) for each weW, HY(¢)=(B, , B,) for each g€, and F*
6, GY=T""Y, where

(31,32) Ae¥ -V
(L1, L) el -¥
(G1'nLy',3'nL) AeWnV

™ VW (%) =

for each AEWUW. Let TVWY 8, HO=S¥UWYQ, where
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the unique non-degenerate meaningful case when 3 ,=B
and J,=B,, namely, F¥= HO.

s(VUW)UGP(;\)
(31,32) ie(W -W)-Q@=Y¥ nWnQ@
Ly, L) AeW-Y¥)-Q@=¥Y'nWnQ'
S:'nLy', 3, NL) re(WnY¥)-Q@=¥Y nWnQ@'
= (B,,B,) AeEQ@-(Y uW)=¥'nWnQ@
(S1'NB, 3 NB) re(¥ —W)n@=Y¥Y nWn@
(L' NnB,', L' NB,") Ae(W-¥)n@=¥'nWnQ

(uL)NBY),([RVL)NB) XeEW nW)n@=¥ nWnQ@

for each A€(VUW)UQ.
Assume that GY 8, HO=RY'?, where

(L1, £2) reW-Q@
(B1,B>) Le@-W
(Li'NB", L,'NnB,) AeWn@

RWU@ —

for each A€WUQ and F¥ 8, RYUQ=K"U(WUQ) where

KY v(WuQ) )

($1.32) AeY —(Wu@)=¥ nW'nQ'

() reW-Q)-¥ =¥'nWnQ'

(B1,B2) 1e(@-W)-¥ =¥'nWnQ

= (L' NBy', L' N'By) AeWNQ@)-¥ =¥'nWnQ
S nLS, S N L) AEY n(W-Q@)=¥Y nWnQ'
S1'NB, 3, NB,Y) AEY n(@-W)=¥V nW'nQ@
(S'NLUBY), S N(LUB) AW nW)n@=¥Y nWn@

for each ZeVU(WUQ). Thus, SYYWUO=K¥UWUQ)  where
YnWnQ=0.

From a different point of view, ((3,UL£)NB,)) ,
((BUL)NB,))=((3,'N(L,UB,) , I,'N(L,UB,) holds in

1

That is, 8, is associative in S¥(U,,U,) under certain

conditions (UCC).

Note 3.1.7 The conditions necessary to achieve
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associativity are natural from a mathematical perspective
and can be found in both theoretical models and practical
applications. In particular, such equality can occur when
certain evaluation criteria are equivalent or when different
experts make similar classifications based on the same
parameters. Therefore, equality is not unique to abstract or
artificial scenarios but can arise meaningfully in specific
application contexts.

Remark 3.1.8 Let F¥,G¥ and H" be BSSs over U ,U,.
Then, (F¥ 8.GY) 8, H'#F" 8, (G¥ 8, HY).

Proof: The proof follows from Proposition 3.1.7. That
is, B, is not associative in $¥(U,.U,).

Proposition 3.1.9 Let F¥ and GY be BSSs over U ,U,.
Then, F¥ 8,GY=GY 0, F.

Proof: Let F¥(v)=(3, , J3,) for each y€V, G¥(w)=(L,,
L)) for each we€W, and F¥ §, GY=T""Y, where
(S1,32) Ae¥ -W
WX = (£1.£2) ReWy-¥

(B1'nLy,3J'nL,) Aewny
for each A€W UW. Let GY 8. F¥ =RYYY, where

(£1,£7) AeW -V
(31,32) rey¥ -W
(Lyn3, L'Nn3J"Y) AewWnyY

RWUW —

for each AEVUW. Thereby, TYWW=RYY, That is, 8, is
commutative in S*(U,,U,). It is also obvious that F¥ 8,
G¥=G" 0. F, namely, §_ is commutative in S¥(U,,U,) as
well.
Theorem 3.1.10 Let F¥ be a BSS over U,U,. Then, FY
6, F'=(F"Yy. 3
Proof: Let F¥(v)=(3, , J,) for each y€¥, and F¥ 6,
FY=TYYW=TY, where
(31.32) AEY =¥V =0
(31,32) Re¥ —-¥ =0
(31'031',32'032') Ae¥Y n¥Y =Y

™ () =

Then, T¥V(X)=(J1', I2') for each A€¥, implying that
TY=(F")". Namely, @, is not idempotent in S*(U_,U,).

Note 3.1.11 This equality demonstrates that the proposed
binary extended theta operation naturally generalizes the
complement operation. In particular, when applied to
identical inputs, the theta operation behaves like a unary
negation operator. This property demonstrates the internal
consistency of the proposed operation and confirms that
the theta operation captures a type of self-negation under
common rejection, which is not observed in existing
binary soft operations such as extended union or extended
intersection. This makes the operation more than a standard
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binary operation as it is a multi-layered algebraic structure
that incorporates both binary and unary information. In
particular, due to the single operator (complement) it
contains, it systematically reveals the potential for self-
negation not present in classical binary soft operations. This
feature reinforces the flexibility and internal consistency of
the theta operation, strengthening the value and general
applicability of the proposed algebraic structure.

Proposition 3.1.12 Let F¥ be a BSS over U,,U,. Then, FY
6.0°=0° § F'=F".

Proof: Let F'(v)=(3, ,3,) for each y€V, §°=K® and
K?(v)=(£L,.L,). Assume that F¥ 8. K°=TY=TY, where

(31.32) Ae¥Y —o=Y
(L1, L) iep-Y =¢
($1'NL,3'NL) AEY NO=0

TV () =

for each A€¥. Thus, T¥(X)=(31,32), implying that TV=F".

Note 3.1.13 According to Proposition 3.1.12, the identity
element of 8, is the BSS @° in S*(U,,U,). Here, note that
for GY€S*(U,U,), there does not exist FY€S*(U1,U2)
such that F¥ 8,.GY=GY 8, F'= @° , because this situation
requires ¥UW=@, that is ¥=0 and W=0, that is, this
requires F¥=GY=@?. From this, we conclude that in the set
Sf(U,,U,), there is no inverse element for any element other
than the BSS @° with respect to 8, . Naturally, the inverse
of @, the identity element of S*(U,,U,), is itself, i.e. @°.

Theorem 3.1.14 (S*(U,,U,), 8,) is a commutative, not
idempotent monoid, whose identiy is @° UCCs.

Proof: Using Proposition 3.1.5, Proposition 3.1.6,
Proposition 3.1.9, Theorem 3.1.10, Proposition 3.1.12 and

Note 3.1.13, the proof is clear.

Note 3.1.15 The theta operation in the classical set
is not associative [62], and therefore does not form a
monoid. In the context of binary soft sets, we can impose
certain parameter conditions that make the operation
associative—these conditions are not overly restrictive.
Under these conditions, the binary extended theta operation
is not only associative, but also enables the creation of
meaningful binary algebraic structures in (S*(U,U))).
This demonstrates that the operation has an independent
algebraic value beyond classical set theory.

Proposition 3.1.16 Let F¥ be a BSS over U ,U,. Then, F¥
B, @¥=0¥ 8, F=(F").

Proof: Let @¥=K" and F¥(¥)=(J,3,) for each y€Y.
Then, K¥(¥)=(0,0) for each yEY. Assume that F¥ 8,

KY=TYW=TY where

(31.32) AEV -V =0
(@,0) AEY -V =0
(3,'N0.3'NneY) AEX nY =V

T (%) =
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for each A€¥. Hence,
TVX)=(3,'nU,3,'nU)=(J
implying that TY=(FV)".
Proposition 3.1.17 Let F¥ be a BSS over U ,U,. Then, F¥
8.UY=UY B, F'=¢".
Proof: Let ¢/ Y=K" and F¥(¥)=(J,,3,) for each y€Y.
Then, K¥(¥)=(U,,U,) for each yEY. Assume that F¥ 8,
KY=TYY=T¥ where

0 30=FY @),

(31,32) XeY =¥ =0
™ @) = (U, Uy) Xe¥ -¥ =9
(3,03, nUY) XeY nY =Y

for each A€V. Hence,
T'()=(3,'n9,3,'n®)=(0, ®)=0"(%),
implying that TV=0Y.
Proposition 3.1.18 Let F¥ be a BSS over U,,U,. Then,
F¥ 8, (FYy=(F"y 8. F¥=g".
Proof: Let F¥(¥)=(J,3,) for each y€W and (F)
'=K". Then, K¥(¥)=(U,—3,U,—3,). Assume that F¥ §_

KY=TYW=TY, where

(51,52) Ae¥W —¥W =90
™(@® = (U =31, (U2 = 32)" AeX =W =0
@GN U =3) %' N U, =3,)) Ae¥ n¥ =Y

for each y€¥. Thereby,
T0=(3,"N(U,~3)’, 3,n(U,~3,)'=(9 , 0)
for each A€Y. Thus, TV=0".
Proposition 3.1.19 Let F¥ and G" be BSSs over u,u,.
Then, F¥ 8, GY = if and only if F'=@" and G¥=0".
Proof: Let FY(0)=(3,, 3,), GY(")=(L, , £,) and F¥ 8,
GY=TY, where
(31,32) AeY ¥ =0
(L1, L5) Ae¥ =Y =0
(F'NnLy,3'nL) Ae¥ nY =YX

™V (%) =

for each ZA€¥. Since T'=U, TY(X)=(U,U,) for
each Z€WUW. Thus, for each Z€¥, TY(A)=(J,'nL,,
3,'nLH=(U,U,). Thus, (3, , 3,)=(£, , L)= (D, D).
Therby, F¥=@Y and GY=0V.

Conversely, let F¥=@" and G¥=0". Then, F¥(¥)=(9 ,
@) for each v€V, and G¥(¥)=(@, @) for all yEV. Let F¥ 9,
GY=KY, where

(9,9) AeW —-¥W =0
(9,0) AeW —-¥W =0
@nY',0'NnP"Y RAeEVY n¥ =¥

KY WY () =

for each A€¥. Thus,
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KY(X)=(U,U)=U*(X)

implying that K¥Y=0/".

Proposition 3.1.20 Let F¥ and GY be BSSs over
U,U, Then,  @YEF¥ 3.GY, pWEF” 8,GY,
FY §,GY SuY V.

Proof: Since the empty set is a subset of every set, and

and

the universal set is a superset of every set, the proof is
straightforward.
Theorem 3.1.21 Let F¥, GY, H" and K* be BSSs over
u,u,. Then,
- ~ r - ~ T
P 0,.GY g(FW) and FY HSGVQ(GW) A
=~ ~ T
ii. FYE6” ifand only if ¥ §,GY = (GV’) .
ii. IfFY EGY,then GY O.HY EFY 1Y .
iv. IfGY aEHQ’EFW 8.HY then F¥ €GY needs not be true.

v. IfFYEGY and HY EKY, then GY 8,KY EFY 6,1 .

Proof: (i) Let F*(v)=(3,, 3,), G¥(v)=(£,, L,) for each
v€E€Y, and F¥ 8. GY=TYWW=TY, where
(31,32 Ae¥ -¥ =0

(Ll,,!:z) rAe¥ =Y =®
(Si'nL",3;'nLY) Re¥ n¥ =Y

™ (3) =
Thus,
TY®)=(3,'NL.3,NLIEE,, 3,)=EY )
for each A€W. Hence, F¥ 8,G¥ E(FW )r . Moreover, since
TR =(3,'NL,S, NLDEEL,, £,)=(G")(X)
FY 8.GY E(Gw )T is obtained.
(i) Let FY(n)=(3,, 3,), G*(")=(L, , £,) for each yEY,

and F¥ EgY . Then, F¥(¥)SG¥(¥), for each y€V. Let F¥ 0.

GY=TY, where

(31,32) y €Y -Y =0
™ W)= (Ly,L3) Yy e¥Y -Y¥ =9
(Si'nL,3J'nL) ¥ e¥n¥ =Y

Thus,

TYN=(3,'nL,’3,'nLY=(L,", L,)=(GV)(¥)

for each y€V, implying that F¥ 8. G¥=(G")".
Conversely, let F¥ 6, GY=(G"Y, and F¥ 8, G¥=K". Thus,
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(31,32) ¥ e¥ —¥ =90
KY (v )= (L1, L) Y VY —-¥ =0
(Sl'nL1'.32'nﬁzl) ¥ e¥ n¥Y =¥

for each €Y. Since K¥=FY, then (3,'nL,3,'NL,)'=(L,",
L,"),implyingthat £ '€J "and L,'CT,". Thatis, F¥(¥)=G" (¥
) for each y€V. Hence, F¥ EgY.

(i) Let F'(1)=(3, , 3,), G'0=(L, , £,), H'(¥)=(B,
, B,) for each y€V, and F¥ €g¥. Then, F¥(¥)SG¥(¥) for
each YEV. Let F¥ 8, H'=T", where

(31,32) Ae¥ =¥V =0
(Bl,Bz) KEW _W 2@
(31'031',32'032') KGW ﬂY/ =Y/

™ (1) =

Let G¥ 8, HY=RY, where

(Ll!LZ) KEW_W =®
(Bl,Bz) KEW_W =®
(LllnfBl',LzlnBZ') KEW nW :W

RY (M =

for each Z€¥. Since RY(XA)=((£,'nB,", L,'nB,)S(3,'NB,’
, 3,'NB,)=TY(X) and R¥Y(A)ST¥(A) for each A€E¥. Thus,
G¥ 8. H¥CF” §,HY-

(v) Let Ul ={t,tt,t}, U2={h,hh},
E={e e,e, e e.e} ¥Y={ee, e} and F¥, G' and H" be
BSSs over U ,U, be defined as follows:

FY={(e, ({t,t } th,h, 1), (e (0,80, (0.,
(e, ({t,}.{h,,h,h 1)}
G'={(e,({t, b {h,h D), (e, ({t,t}1{h, 1),
(e, ({t;},{hh, 1))}
HY={(e,,(U,,U,)), (e,, (U, U))). (e, (U,U))}
Let F¥ 0, HY=T", where
T'={(e,,(2,9)), (e, (2,0)).(e, (2,0))}
for cach eV ={e, e, e.}. Let G §, H' =RY, where
R" ={(e,,(2,9)), (e, (2,0)).(e, (2,0))}
for each AeV={e e, e}. Here, gY@ HYEFY 4 HY,
however F¥ EGY is not satisfied.

) Let F0)=(3, , 3,). G0=(L, , L)H'®)=(B, ,
B), K'(")=(K,, K,) for each yEV, F¥ EgY and 1Y SKY.
Then, F¥(¥)SG¥(v) and H¥ (¥)SK¥(¥) for each ¥€V. Let F¥

6, H'=TY, where
(31,32) AEV -V =0
(B,,B,) AEV -V =0
($1'nB".3I,'nB,) AeV NV =V

TV (X) =
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Let G¥ 8,K¥=RY, where

(Ll,Lz) KEW —Y/=®
RY (A) = (K1, %K) AeEY -¥ =0
(Li'NnJ,', L,'NnI,") Ae¥ nY =Y

Since RY (X) =(£,/'nK, L'nK,NE(S,'NB,,

3,'NB,)=T" (X) for each A€V, G¥ §,K¥ EFY §.HY is

obtained.

3.2 Distributions of binary extended theta
operation over other types of binary soft set
operations

In this subsection, the distributions of binary extended
theta operation over other types of BSS operations are
provided, and the algebraic structures formed by the binary
extended theta operation of BSSs in S* (U,U,) are
thoroughly examined.

Theorem 3.2.1 Let FY,GY, and H? be BSSs over
Uu,u,. Then, the following distributions hold, where

YoWnQ=¥n(WAQ)=0;
1 F 8. (GYUHY) = (FY 8.6Y)U.(FY 6,.H%)
2) P 8(GY A HY) = (FY 8,67, (FY §.HY)

Proof: (1) Let F¥ (¥) =(J, , J,) for each y€Y,
GY (w) =(£,, L)) for each weWy, H® (¢) =(B,, B,)
for each €. Let GY{_HQ = TWYY, where

(£1,L7) XeW-@
(By.Bs) Xe@-wW
(L,UB,,L,UB,) AeWNQ

TWUQ?(X) =

for each A€WUQ and F¥ 8, TWYY = RY VWU yhere
RY VWU (%)
(G re¥ —(WuQ@)=¥Y nW'nQ'
(£L1,L2) Re(W-Q)-¥ =¥'nWnQ'
(B, B) 1e(@-W)-Y =¥ nWnQ

= (L1UB;,L,UBy)
S1'N Ly, T3 N L)
(3,'nB,.3;'NB,")
@1'N (L' NB1),32" N (L' NBY))

Ae(WnQ@)-¥ =¥'nWnQ@
AEY n(W-Q@)=¥ nWnQ'
AEY n(@-W)=¥ nW'nQ@
AeY n(WnQ@)=¥ nWnQ@

for each 2€VU(WUQ). Assume that F¥ §,GYW = RY YW

, where

(31,52 REV -V
(£y,Ly) AeW-Y
(3:'nL"3,'nL,) Xe¥ nW

KY (%) =
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for al &€VUW and F¥ @ _H¥ = S¥ Y9, where

(31,32) reY -Q
(BllBZ) ZEQ?_Y/
(3:'NB;",3,'NnB,") Ae¥ nQ@

SYVQ(3) =

foreach A€WUQ. Let KY W {_S¥ v = W uW)u(v u@y)
, where for each 2e(¥UW)U(YUQ),

W UMUK U@ 3y
(31,32) Te(Y W) - u@)
(L1, £2) Te(W-¥)-( u@)
(31'NnL3'NnLy) re(¥ nW)-(¥ uQ)
B1,32) e(¥ -Q@)- vw)
(B1,B2) 1e(@-¥)-( uW)

(3'nB,,3;'nBy)
B1U31,3:U3)
= (81UB1, 32U B)
@1V E'nB),3U (3 NB)
(L1UT,L,U3y)
(L UB,,L,UB,)
L1V (31'NBy"), LU (3'NB)
((S'lnL'l)uSl,(SZ'nLZ')USZ) reW nW)n¥ -Q)
(B1'NLDUBL (3N L) VB ReW nW)N(Q@-¥)
(31 NL)UEINBY, (R NLHVENB) XeW nW)n (¥ nQ)

re(Y nQ)-(¥ uWw)
ReW -W)n¥ -Q)
ReW -W)n(@-Y)
ReW -W)n¥W nQ@)
ReW-¥Y)n¥ -Q)
ReW-Y)n(@Q=-Y)
reW-=Y¥Y)n(¥ nQ)

Thus,

WO U Q) ()
Ly, L)
(B1,B2)
&1.32)

= (31 UB,,3, UB,")

Xe(W -W)n(¥ uQ)=¥'nWnQ"
Ae(Q-V)—-VuwW)=¥Y'nWnQ
AEW —W)Nn(¥V —Q) =¥ nW'nQ@'
Ae(W -W)n(¥ nQ)=¥Y nWnQ

(L UBy, L, UBy) AeW-¥)n(Q-¥)=¥"'nWnQ@

(LU, L' US,) Xe(WnW)n(V —Q)=¥Y nWnQ'
($1'NL'UB), ' N(LUB) Ae(WnW)n(¥W nQ) =¥ nWnQ@

Here R and W are piecewise functions that form both
sides of the equality. When examining the parameters
line by line, the equality can be achieved by selecting the
corresponding parameter sets as empty in the mismatched
lines. This situation indicates that certain parameter
separation conditions are necessary for the distribution
laws to be valid.

Thereby, where
YNnW'NnQ=¥vnWnNQ'=VNnWnNQ=@. It is obvious that
¥NW'NQ=¥VNWNQ' means that VN(WAQ)=0.

Example 3.2.2 Let U, ={t1,tz,t3,t4,t5}, UZ={h1,h2,h3,h N2
E:{WI,WZ.V3.V4,V5}, W:{Vl} 4 W:{Vzlvg} and Q: {V27v4} the
BSSs F¥, GY and H? over U, , U, be defined as follows:

FV:{ <W1' ({tl’tz't3}'{h1'h2}) )}

v — ¥ v
RYV (WuQ) =y (Vuw) n (YuQ) ,

G¥={(v,,(U, ,{h,h,h 1), (¥, ({t,t),{h,h,h, 1))}
HQ:{(VZ’ ({tl'ts}'Uz) '(V4' (Q)'(Z)))}
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One can easily show that
F¥ 8,(GY U, H?)=(F¥ 8,GY)U,(F* §,H?)
= {0 (ttthih b)), (v, (U UY)),
({t,t,}.{h,h,h, 1)), (v, (9,0) )}

(Wy

Here note that ¥NWNQ=¥N(WAQ)=@. Thus, the
distribution holds. However, we have the following
example:

Example 3.2.3 Let U, ={t,t,,t,,t,,t.}, U= {th h,h h},
E={¥ v, 0.}, W={v ¥} , W={¥.¥;} and Q={¥ ¥ ¥} the

BSSs F¥, GY and H? over U, U, be defined as follows:
FY={(v,({t,,t,},{h,})), (¥,, (@, {h,,h,}))}
G¥={(v,,(8,{h,,h, 1)), (v, ({t;},0))}

HO={(v,, {t,t}h{h,h, D)., ({tt{h,h D) (s,
(2.9))}
One can easily show that
F¥ 8,.(GY U.HY)=

{0, ({tt,1{h D), (7, ({8t 3{h, b D), (v, ({83,0)))

and
(F¥ 8,.GY)U, (F'0, HY)=
{v,({tyt,thth,h b D), (v, (tt630,)), (v,
({t;3.9))}

It is observed that
FY 8. (GY T, HO)#(F" 8,G%)U. (F* 8, HO)

Here note that YNWNQ={1}+0 and
¥N(WAQ)={2}#0. Thus, the distribution does not hold.

Theorem 3.2.4 Let FY,GY, and H? be BSSs over
Uu,u,. Then, the following distributions hold, where

VNWnQ=(YAW)NQ=0;
1) (Y 7,68, HP = (F¥ 8.HF)N.(GYE,HD)

2) (FY U,.GY)8.H? = (F¥ 8,HY)U.(GYH, H?)

Proof: (1) Let F¥(v)=(3,,3,) for each ¥€¥, G¥(vy)=(£L,
, L,) for each weW, H%(q)=(B, , B,) for each g€ and F¥
N :GY=T""Y where Z€¥UW,
(31,32) Xev -V
(£1,£Ly) reWy—-w
(3.NnLy,3,nL,) ReEV NW

TVUY(X) =

Let TVWY B, HO=R¥UWUQ | where A€(VUW)UQ,
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RV UW)HUQ ()

(31,92) Ae(V -W)—-@=¥ nWnQ'

(L1,L) Ae(W-V)-Q@=¥"nWnQ'

(31 NL, S0 L) Ae(WNnW)—-@=¥Y nWnQ'

= (B1,B,) XeQ@-(Vuw)=¥'nWnQ
S$1'NB,, 3 N B Ae(W —W)n@=¥ nW'nQ@

(£ynBY, L nBy") Ae(W=¥)n@=¥"nWnQ'

(S'VULONBL(S'ULINB) AE(WNW)NnQ@=Y nWnQ@
Let's consider (F¥8.H?)N, (GY3.H?). Let F¥ 6:HO=K"9,
where AEVUQ,

(31.32) re¥ -Q
(B1,B2) XeQ@-Y
G,'NB,\S5,'NB,) A€V NG

KY V() =

Assume that GY8,H? =SYYQ, where XEWUQ,

Ly, L) XeW-Q@
(B:,B,) reQ@-vw
(Ly'nB,L;'nB,") AeWnQ

Swuoi(;;) =

Let
Re(VUQ)u(WuQ),

WO UL U@ ()

KYUQ R, SWUQ=WHUQUWUQ)

where for each

(31,32 re(Y —@)-WuQ)
(B,,8B,) 1e(@-Y)-(WuQ)
(31'nB1,3,' NBy) 1e(¥ nQ)-WuQ@)
(£, L) re(W-@)-(¥ v®)

(B1,B2)
(L' N B, L' N'B,)
B1nL, 30 L)
- (31031, 3,NBy)
B1n(£:"'NBy), I N (L' NByY)
(BinLy,BanLy)
(B1n'B;,B; NBy)
(B1n(£L'N'By"), By N (L' NBy)
(@1'NBYN Ly, (3 NB) N L) ReW n@)n(W-Q)
(B1'NBy)NBL (I NB,)NBy) XeW n@)n(@-W)
(@'NBOINEL'NB), @' NB)N (L' NBY) AeW nQ@)n(WnQ)

e (@-W) - vQ)
reWnQ@)-¥ uQ@)
Xe(W -@)n(W-Q)
Xe(W -@)n(@-W)
reW —@nWnQ)
Xe(@-¥)n(W-Q)
Xe(@-¥)n(@-W)
1e(@-¥)n(WnQ@)

Thus,
WOVUW)UOVUQI)(;)
(31,32) 1e(¥ —@)-(WuQ@)=¥ nW'nQ'
(L, L) ZE(W—Q))—(Y/ UQ)):V'I’\WI’\Q)'
(SN Ly, N L) re(¥ —@)n(W-Q@)=¥Y nWnQ'
= (B, B,) 1e(@-¥)n(@-W)=¥Y'nWn@
(0,0) 1e(@-Y)n(WnQ@)=¥'nWnQ
@,9) e n@)n(@-W)=¥ nW'nQ@

(31 'NBr N LS N By N L)

Te(¥ n@)n(WNnQ)=¥Y nWnQ

Hence, R¥VUW)LQ =WVUWUUQ)

where
¥'nWNQ=¥NW'NnQ=¥VNWNQ=@. It is obvious that
¥'NWNQ=VNW'NQ=0 means that (WAW)NQ=0.

Theorem 3.2.5 (S%(U,U)), U, 0,) and (S%(UU),
A 0.) are multiplicatively commutative and additively
idempotent semirings with the identity @° and without zero
UCCs.
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Proof. Soylu (2026) showed that (S5(U,U,), U,) and
(S¥(U,,U), f.) are commutative, idempotent monoids
with the identity @ , that is, a bounded semilattice (hence
a semigroup). (S*(U,U,), és) is a commutative monoid
(hence a semigroup) whose identity is @, under the
condition ¥NWNQ=0@, where F¥,G¥, and H? are BSSs
over U,,U,. Moreover, 8, distributes over U, and N, under
YNWnNQ=VAW)NQ=¥YN(WAQ)=0.
Consequently, UCCs, (S¥(U,,U,), U, 8,) and (S¥(U ,U,), 3,
, 95) are additive idempotent multiplicatively commutative

semiring without zero, but with unity.

the conditions

Theorem 3.2.6 Let FY,GY, and H? be BSSs over
U,U,. Then, the following distributions hold, where
YaWnQ=¥n(WAQ)=0;

1) F¥ 8,(GY RHY) = (F¥ 8,GW)A(FY 0,HY)
2) F¥ 8,(GY UHY) = (F¥ §.GY)U(FY 8.HY)

Proof: (1) Let F¥(v)=(3,,3,) foreach ¥V, G¥(vy)=(L,
, L,) for each weW, HQ(¢)=(B, , B,) for each g€Q. Let
GYAHQ = TW, where

(L1, £7) reW-@
(LiNBy,L,NnB) AeEWNQ

() = {

for each A€W, and F¥ 8, TY=R""Y , where

(31,32)
Ly, L)
(L NBy, L, NBy)
@1'n L', 3 nLy)
B1'N (LU B), 3 N (L' UB)

AeY —-W
AEW-Q)-Y =¥'nWnQ'
AeWnQ@)-¥ =¥'nWn@
AEY n(W-Q)=¥ nWnQ'
AEY n(Wn@)=¥ nWn@

RV () =

for each AEWUW. Assume that F¥ 8.GY=K""Y, where

S1,32) ey —w
KV WW(3) = (L1, L) AeW-¥
(S'NLNL3'NnL) AeY nWy

for all A€W UW and F¥ 6, HY=S""?, where
&1, %) ieY —@

(B1,B) re@@-Y
($:'NB,3,'NB,) Ae¥Y n@

S V% (%) =

for each AEWUQ. Let K¥WYNSYWO=W¥YY, where for
each A€¥UW,
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WY W (x)

Thus,

WY WY ()

(31,32)
(L1, L2)

(B1'n Ly, 3 N L)
(B1n31,32N3)
(B1nBy, 3 NBy)

BN @1'NB1), 3N (3 NBY)
LNy, LNn3Y)
(L1n'By, L, N'By)

(LN (31" NBy), LN (3 NBy)

(@1'N L) N3, (32 NL)NST)

((B1'nL)NBL (I NL)NB,)

re(W -W) -V u@)
Ae(W-Y)-¥ u@)
re(W nW)-(¥ vQ@)
Xe(W -W)n¥ -Q@)
Xe(W -W)n(@-¥)
ReW -W)n(¥W nQ)
re(W-¥)n¥ -Q)
reW-Y)n(@-Y)
XeW-Y)n¥ n@)
XeW nW)n(¥W -Q)
ReW nW)n(@-V)

GB'NL)NELNB) (' NL)N(LL'NB) AeW nW)nKW nQ)

(51,32) AeyY —Q?
(B1,B2) re@-V
($31'NBy,3,'NB,) ReEVY n@

KY V@ (%) =

Assume that GY8-H? =S¥v, where XEWUQ,

(L1, L2) TeW-@
(B1.B2) reQ-W
&L'NnBLL,'NB,) ReEWNQ

SWu@ (x) =

Let K¥QTSYe=W*"Q where for each AE¥UQ,

WY Y9 (1)

Ly, L) Ae(W -W)n(VuQ)=¥'nWnQ'

(B1,32) AEW -W)n(V -Q)=¥ nW'nQ'

_ 2,0) re(¥V -W)n(V nQ)=¥ nW'nQ
B (L N'By,L,NB,) AEW-V)n(Q-V)=¥'nWnQ
(2,9) Ae(WnW)n(V -Q)=¥ nWnQ'
G'N(L'NB)I' N (L' NBY) Ae(¥W nW)n(W nQ)=¥ nWnQ

Here, let's consider ¥—W in RYYW | since ¥—W
= ¥NW', if an element is in the complement of
W, then it is either in Q—W or (WUQ)'. Thus, if
AeV—W, then either AE¥NW'NQ or AE¥NW'NQ".
By taking into account this fact, RYWW=WY"Y  where
YnW'nQ=¥vnWnNQ'=¥NWNQ=@. It is obvious that
YnW'NnQ=¥VNWNQ' means that VN(WAQ)=0.

Theorem 3.2.7 Let FY,GY, and H? be BSSs over
u,u,. Then, the following distributions hold, where
VnWNQ=(¥AW)NQ=0;

1) (FYUGY)0 HQ = (F¥ ,H)T(GYH, HQ)
2) (FY A GY)0.HY = (FY 8, H%)AGYD,HY)

Proof: (1) Let FY(¥)=(3,,3,) for each ¥V, G¥(w)=(L,

, LZ) for each WEW, HQ’(q)):(Bl , Bz) for each qEQ and F¥
UGY=TY, where A€V,

TW(K):{ (31,32) AEV —W

(31UL;,JUL,) XeV NV

Let TV8.H?=R"Y? | where AeWUQ,

(31,32) Ae(V -W)-Q@=¥Y nW'nQ'
(S1ULy,FULy) AeE(WnW)-@=Y nWnQ'
RVVO@) = (B1,By) Ae@-¥

@i'NB", 3 NB)
((31'NLYNB, (3N L)NByY)

ReE(W -W)n@=¥Y nWn@
Ae(VnW)n@=¥Y nWnQ@

Let's consider (F¥ 8, H?) U (GY8.H?). Let F¥8.HY=K""?,
where AEVUQ,
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(31,32)
(B1.B2)
(31'nB,,3,'NB,)
(B1UL,32V L)
(B1UB, 3 UBy)

(B1VLy,B,ULy)
(B1UB;,B,UB,)

B1U(£'nBy), 3N (L' NBy)

e -@)-WuQ)
RE@-Y)-WUuQ)
Ke(W n@)-WuQ)
e -PnW-@)
REW -@)n(@-W)
e -PnWnG)
AE@-Y)nW-@)
RE@-Y)n(@-W)

(B1U (L' nB1),B, U (L' NB)
(1" NBH VLS NB) U L) ReW n@nW-)
(R:'NBHUB, (I NB,)UB) ReW n@)n(@-W)
GI'NBHURNE) &' NBHUGRINLY) AW n@)nWnQ)

1e(@-¥)n(WnQ)

Thus,

WY U9 (3)
@9 Ae(V @) -(WUuR) =¥ nWnQ
(31 ULy, 3 U Ly) ie(W -@)n(W-Q@)=¥ nWnQ@'
_ (B1,B;) e (@-Y)n(@-W)=¥Y'nWnQ@
(B1V Ly, B U Ly) Ae(@-¥)n(WnQ@)=¥"'nWn@
(31'UBL, 3, UBy) e n@)n(@-W)=¥ nW'nQ@
S'NBHUENB), Q' NBHUE'NL)) AeW n@)In(Wn@) =¥ nWn@

Here, let's consider Q—W¥ in R¥Y? | since Q—¥ = QnV',
if an element is in the complement of ¥, then it is either in
W—=¥or(WU¥)'".Thus,ifA€Q—¥,theneither A€¥'NWNQ
or AE¥'NW'NQ. By taking into account this fact,
RVWO=W¥YQ where V'NWNQ=VYNW'NQ=¥YNWNQ=0.
It is obvious that ¥'NWNQ=¥VNW'NQ=0 means that
(VAW)NQ=0.

Theorem 3.2.8 (S%(U,U,), A, &) and (S%(U,U,), U
, 8.) are multiplicatively commutative and additively

idempotent semirings with the identity @° and without zero
UCCs.

Proof. Soylu (2026) showed that (S®(U,U,),0) and
(8¥(U,U,), N) are non-commutative, idempotent monoids
with the identity @, , that is, a band (hence a semigroup).
(S*(U,U,), 8.) is a commutative monoid (hence a
semigroup) whose identity is @, under the condition
¥NWNQ=0, where F¥,GY, and H? are BSSs over U,U,.
Moreover, 8, distributes over U and A under the conditions
YNWNQ=VAW)NQ=¥N(WAQ)=0.  Consequently,
UCCGs, (S%(U,,U,), U, 8.) and (S*(U,,U,), R, 8.) are additive
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idempotent multiplicatively commutative semirings

without zero, but with unity.

4. Conclusion

This work introduces a novel binary extended soft set
operation for binary soft sets (BSSs). We aim to advance
the BSS theory by proposing the concept of the "binary
extended theta operation" of BSSs and closely analyzing
the algebraic structures associated with this operation. The
binary extended theta operation proposed in this study,
instead of producing positive consensus, reveals common
negative information by taking the intersection of the
complements of binary soft sets on common parameters.
In this respect, the theta operation provides a new algebraic
perspective based on negative information for binary soft
set theory and conceptually differs from existing binary
extended operations in the literature. We also show that
the collection of BSSs over the universe combined with
binary extended theta operations and certain types of BSS
operation forms various important algebraic structures
under certain conditions. To expand this body of knowledge,
future studies could examine different types of binary
extended soft set operations as well as the corresponding
distributions and their properties.
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